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Abstract 

An explicit formula is derived for the Fourier transform of a Gaussian measure 
on the Heisenberg group at the Schrodinger representation. Using this explicit for- 
mula, necessary and sufficient conditions are given for the convolution of two Gaussian 
measures to be a Gaussian measure. 



1 Introduction 

Fourier transforms of probability measures on a locally compact topological group play an 
important role in several problems concerning convolution and weak convergence of probabil- 
ity measures. Indeed, the Fourier transform of the convolution of two probability measures 
is the product of their Fourier transforms, and in case of many groups the continuity theo- 
rem holds, namely, weak convergence of probability measures is equivalent to the pointwise 
convergence of their Fourier transforms. Moreover, the Fourier transform is injective, i.e., if 
the Fourier transforms of two probability measures coincide at each point then the measures 
coincide. (See the properties of the Fourier transform, e.g., in Heyer [7J Chapter I.].) In case 
of a locally compact Abelian group, an explicit formula is available for the Fourier trans- 
form of an arbitrary infinitely divisible probability measure (see Parthasarathy ^1]). The 
case of non- Abelian groups is much more complicated. For Lie groups, Tome ^H] proposed a 
method how to calculate Fourier transforms based on Feynman's path integral and discussed 
the physical motivation, but explicit expressions have been derived only in very special cases. 

In this paper Gaussian measures will be investigated on the 3-dimensional Heisenberg 
group EI which can be obtained by furnishing M. 3 with its natural topology and with the 
product 

{gi,g2,g3){hi,h2,h 3 ) = (gi + h,g 2 + h 2 ,g 3 + h+ ^-{g x h 2 - g 2 hi)j . 

The Schrodinger representations {tt±\ : A > 0} of H are representations in the group of 
unitary operators of the complex Hilbert space L 2 (M) given by 

[x±\{g)u](x) := e ±i{X93+ ^ 92X+X9l92/2) u(x + y/X gi ) (1.1) 
Mathematics Subject Classification: 60B15. 
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for g = {gi,g2,gz) £l, u e L 2 (R) and 16R. The value of the Fourier transform of a 
probability measure fi on H at the Schrodinger representation tc±\ is the bounded linear 
operator fi(ir± x ) : L 2 (R) — > L 2 (R) given by 

p(ic±\)u:= / ir±\{g)uiJL{dg), ueL 2 (R), 

JR 

interpreted Bochner integral. 

Let (/it)<>o be a Gaussian convolution semigroup of probability measures on EI (see 
Section |2j). By a result of Siebert (THl Proposition 3.1, Lemma 3.1], (fit(^±x)) t>0 is a 
strongly continuous semigroup of contractions on L 2 (R) with infinitesimal generator 

N(tt±\) = a±I + 0L2X + a%D + a^x 2 + as(xD + Dx) + chqD 2 , 

where ax,...,a>6 are certain complex numbers (depending on (fi t ) t ^> , see Remark 13.1 J) . 
I denotes the identity operator on L 2 (R), x is the multiplication by the variable x, and 
Du(x) = u'(x). One of our purposes is to determine the action of the operators 

on L 2 (M). (Here the notation (e tA ) t ^o means a semigroup of operators with infinitesimal 
generator A.) When N(ir±\) has the special form \(D 2 — x 2 ), the celebrated Mehler's 
formula gives us 

t(D 2 -x 2 )/2 1 \ 1 f f (x 2 + y 2 )cosht -2xy\ 

e t(n x >/z u(x) = . / exp <^ — — } u(y) dy 

V27rsinht Jk I 2smhi J 

for all t > 0, u e L 2 (R) and 16K, see, e.g., Taylor [T3], Davies Our Theorem I3~D in 
Section El can be regarded as a generalization of Mehler's formula. 

It turns out that fbt(^±x) = e tN ^ n±x \ t^O are again integral operators on L 2 (M) if 
«6 is a positive real number. One of the main results of the present paper is an explicit 
formula for the kernel function of these integral operators (see Theorem 13 ,1|) . We apply a 
probabilistic method using that the Fourier transform Ji(7r±\) of an absolutely continuous 
probability measure fx on EI can be derived from the Euclidean Fourier transform of fi 
considering fi as a measure on R 3 (see Proposition I4.1J1 . We note that a random walk 
approach might provide a different proof of Theorem I3.1| but we think that it would not be 
simpler than ours. 

The second part of the paper deals with convolutions of Gaussian measures on EL 
The convolution of two Gaussian measures on a locally compact Abelian group is again a 
Gaussian measure (it can be proved by the help of Fourier transforms; see Parthasarathy 
[11 ). We prove that a convolution of Gaussian measures on EI is almost never a Gaussian 
measure. More exactly, we obtain the following result (using our explicit formula for the 
Fourier transforms). 

Theorem 1.1 Let fi' and fi" be Gaussian measures on EI. Then the convolution fi' * fi" 
is a Gaussian measure on EI if and only if one of the following conditions holds: 
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(CI) there exist elements Yq, Y q ", Y%, Y2 in the Lie algebra of EI such that [Yi,Yz] = 0, 
the support of // is contained in exp{F ' + R • Y\ + R ■ Y 2 } and the support of //' is 
contained in exp{y o " + R- Y\ +R- Y 2 }. (Equivalently, there exists an Abelian subgroup 
G of H such that supp(/i') and supp (//') are contained in "Eucledian cosets" of 
G.) 

(C2) there exist a Gaussian semigroup (fit)t^o ar *>d t',t" ^0 and a Gaussian measure v 
such that supp [y) is contained in the center of H and either // = \i t i , //' = fi t n * v 
or jjl = fi t ' * v, n" = f-t" holds. (Equivalently, y! and fi" are sitting on the same 
Gaussian semigroup modulo a Gaussian measure with support contained in the center 



We note that in case of (CI), // and fi" are Gaussian measures also in the "Euclidean 
sense" (i.e., considering them as measures on R 3 ). Moreover, Theorem 16.11 contains an 
explicit formula for the Fourier transform of a convolution of arbitrary Gaussian measures 



The structure of the present work is similar to Pap JUj- Theorems 11.11 and 13.11 of the 
present paper are generalizations of the corresponding results for symmetric Gaussian mea- 
sures on H due to Pap ^U]. We summarize briefly the new ingredients needed in the 
present paper. Comparing Lemma 6.1 in Pap jTUj and Proposition 15. II of the present paper, 
one can realize that now we have to calculate a much more complicated (Euclidean) Fourier 
transform (see (|5.6|) ). For this reason we generalized a result due to Chaleyat-Maurel jH] (see 
Lemma f5 .2j) . We note that using Lemma (6.21 one can easily derive Theorem 1.1 in Pap [10 
from Theorem 11.11 of the present paper. 

It is natural to ask whether we can prove our results for non-symmetric Gaussian measures 
using only the results for symmetric Gaussian measures. The answer is no. The reason for 
this is that in case of EI the convolution of a symmetric Gaussian measure and a Dirac 
measure is in general not a Gaussian measure. For example, if a = (1, 0, 0) G H and (/itjt^o 
is a Gaussian semigroup with infinitesimal generator Xf + then using Lemma f4. 21 one 
can easily check that \L\ * e a is not a Gaussian measure on H, where e a denotes the 
Dirac measure concentrated on the element a G EL (For the definition of an infinitesimal 
generator and Xi,X 2 ,X 3 , see Section 2.) 

We note that if the convolution of two Gaussian measures on H is again a Gaussian 
measure on H, then the corresponding infinitesimal generators not neccesarily commute, 
nor even if the infinitesimal generator corresponding to the convolution is the sum of the 
original infinitesimal generators. Now we give an illuminating counterexample. Let //' and 
n" be Gaussian measures on EI such that the corresponding Gaussian semigroups have 
infinitesimal generators 



Using Theorem 16.21 and Lemma 16.21 jjl * fi" is a symmetric Gaussian measure on EI such 
that the corresponding Gaussian semigroup has infinitesimal generator N' + N". But N' 



of EL ) 



on EL 




N" = - {X x + X 2 ) 2 + XiX 3 , respectively. 



and N" do not commute. Indeed, N'N" - N" N' 



(X!+X 2 )X 3 V0. 
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At the end of our paper we formulate Theorem 11.11 in the important special case of 
centered Gaussian measures for which the corresponding Gaussian semigroups are stable in 
the sense of Hazod. This kind of Gaussian measures arises in a standard version of central 
limit theorems on EI proved by Wehn . In this special case Theorem 11.11 can be derived 
from the results for symmetric Gaussian measures in Pap [10J. 

2 Preliminaries 

The Heisenberg group EI is a Lie group with Lie algebra Tl, which can be realized as the 
vector space M 3 furnished with multiplication 

[(pi,P2,Ps), (91,92,93)] = (0,0,pig 2 -p29i)- 

An element X G TC can be regarded as a left-invariant differential operator on EI, namely, 
for continuously differentiable functions / : H — > R we put 

Xf(g) := limr^/^exp^X)) - /(</)), g G H, 

where the exponential mapping exp : 7i — > EI is now the identity mapping. 

A family (fit)t^o of probability measures on EI is said to be a (continuous) convolution 
semigroup if we have /x s * \i t = fi s+t for all s,t^0, and lim f j /^ = Ho = £ e , where 
e = (0, 0, 0) is the unit element of EI. Its infinitesimal generator is defined by 

(Nf)(g) := limr 1 / (f(gh) - f (g)) fi t (dh) , g G H, 

for suitable functions / : H — > M. (The infinitesimal generator is always defined for infinitely 
differentiable functions / : EI — > M. with compact support.) A convolution semigroup {fit)t^o 
is called a Gaussian semigroup if lim^ £~Vt(HI \ U) — for all (Borel) neighbourhoods 
U of e. Let {X 1 ,X 2 ,X 3 } denote the natural basis in Tt (that is, expXi = (1,0,0), 
exp X 2 = (0, 1, 0) and exp X 3 = (0, 0, 1)). It is known that a convolution semigroup (//t)t>o 
is a Gaussian semigroup if and only if its infinitesimal generator has the form 

3 ^33 

N = akX k + - hkXjXk, (2.1) 

fe=i 3=1 k=i 

where a = (a\, a 3 ) e R 3 and B = (bj,k)i^.j,k^3 is a real, symmetric, positive semidefinite 
matrix. A probability measure // on EI is called a Gaussian measure if there exists 
a Gaussian semigroup (/-*t)t^o such that fi = yL\. A Gaussian measure on EI can 
be embedded only in a uniquely determined Gaussian semigroup (see Baldi j2], Pap jHj). 
(Neuenschwander jH] showed that a Gaussian measure on EI can not be embedded in a 
non-Gaussian convolution semigroup.) Thus for a vector a = (01,02,03) G M 3 and a real, 
symmetric, positive semidefinite matrix B = (0j,fc)i<j,fc^3 we can speak about the Gaussian 
measure \i with parameters (a, B) which is by definition \i := where (nt)t^o is 
the Gaussian semigroup with infinitesimal generator iV given by (|2.1j) . If v is a Gaussian 
measure with parameters (a, B) and (z/ s ) s ^o is the Gaussian semigroup with infinitesimal 
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generator iV given by (|2.1|) then v t is a Gaussian measure with parameters (ta, tB) for 
all t ^ 0, since fi s := z/ st , s ^ defines a Gaussian semigroup with infinitesimal generator 
tN. Hence v t — so it will be sufficient to calculate the Fourier transform of \L\. 

Let us consider a Gaussian semigroup (nt)t^o with parameters (a, B) on H. Its 
infinitesimal generator iV can be also written in the form 



N = Y + 1 -J2 Y ?> ( 2 - 2 ) 



i=i 

where ^ <i ^ 3 and 



k=l k=l 



where £ = (cr^j) is a 3xd matrix with rank (£) = rank (£>) = d Moreover, £> = £ ■ S T . 
Then the measure /it can be described as the distribution of the random vector Z(t) = 
(Zi(t), Z 2 (t), Z 3 (t)) with values in M 3 , where 

d d 

Z x (t) = ai t + J2 *i,fcW fc (<), Z 2 (t) = a 2 t + Y, °2,kW k (t), 

k=l k=l 
d If 1 

Z 3 {t)=a 3 t + J2^,kW k {t) + - / (Z 1 (s)dZ 2 (s)-Z 2 (s)dZ 1 (s)) 
k=i ^° 

d d 
fc=l fc=l Kfc<£<<2 

where (Wi(£), . . . , Wd{t))t^o is a standard Wiener process in M d and 



W:(t):=-( I W k (s)ds- I sdW k (s] 



1 ' 



W k/ (t) | W fc (s)dW«(s)- y Wi(s)dW fc ( S ; 

(See, e.g., Roynette [TJ] .) The process (W k /(t)) t ^>o is the so-called Levy's stochastic area 
swept by the process (W k (s), Wi(s)) se [ 0tt j on M 2 . 



3 Fourier transform of a Gaussian measure 

The Schrodinger representations are infinite dimensional, irreducible, unitary representa- 
tions, and each irreducible, unitary representation is unitarily equivalent with one of the 
Schrodinger representations or with Xa,p for some a,j3 G R, where Xa,p is a one- 
dimensional representation given by 

XaAg) ■= e^ 1+fe \ g = ( gi ,g 2 ,g 3 ) e H. 
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The value of the Fourier transform of a probability measure \x on HI at the representation 

Xa,f3 IS 



Kx«ji) ■= / X«A9)tiA9)= / e i( - a91+/392) fi(dg) = jl(a, P, 0), 
Jw Jw 

where fx : M. 3 — > C denotes the Euclidean Fourier transform of /i, 



Let us consider a Gaussian semigroup (fx t ) t ^ with parameters (a, 5) on EL The 
Fourier transform of /i := /xi at the one-dimensional representations can be calculated 
easily, since the description of (fit)t^o given in Section El implies that 

r / d d 

P(Xa,p) = Eex P \ i{aa 1 + (3a 2 ) + i a^a^W^l) + f3^2 / a 2 , k W k (l) 



k=l 



k=l 



for a,/3 6 M. The random variable 



vfc=l fc=l 

has a normal distribution with zero mean and covariance matrix 



02,1 



O'l.d 
0-24 



01,1 02,1 



01,d 02,d 



&i,i h,2 

i>2A b 2 ,2 



since SE T = B. Consequently, 



V>{Xa,p) = ex P |«(« a i + ^2) - ^(h,iOi 2 + 2b lt2 a(3 + & 2 ,2/3 2 )| • 

One of the main results of the present paper is an explicit formula for the Fourier trans- 
form of a Gaussian measure on the Heisenberg group H at the Schrodinger representations. 

Theorem 3.1 Let ll be a Gaussian measure on H with parameters (a,B). Then 

K± x (x,y)u(y)dy if b 1A > 0, 

L±\(x)u(x + vAai) if &i 5 i = 0, 



{n±\)u](x) 



for u e L 2 (R), x el, where 



K±\{x, y) := C± X (B) exp { --z D± x (a, B)z } , z := (x, y, 1) 



where, with 5 : = ^/&i,i&2,2 - b{ 2 , 5i := &i,i& 2) 3 - &i,2&i,3, <5 2 : = «i&i,2 - a 2 &i,i, 

/ 1 



C±a(S) := I 



S 



27r6ii sinh(A5) 
6 



if 5 = 0, 



if 5 > 0, 



and D±\(a,B) = (dj£(a, -B))i<j,fc<3 are symmetric matrices defined for b\,\ > and 
5 = by 

dg(a, 5) := dg(a, 5) := - dg(a, 5) := 

01,1 AOi^ Oi,! 

j±a/ n\ ai ± iA6i 3 VA*2 j±a/ n\ ai ± zA6 1j3 a/A<5 2 
d 13 {a,B):= ■=■ ±2 — — , d 23 (a J B):= — ±i 



:»A6 1|3 ) 2 m 

6i i 126i 



dg(a, 5) := ^— r ^- + — ^ + A 2 6 3 , 3 t 2*Aa 3 , 



and /or 5 > 6y 



±A (5coth(A^)±^ 1 , 2 ±A j ±A (5coth(A^)T^i, 2 

d 11 (a,B).- , d 12 (a,B) .- . d 22 (a,B).- . 

0i,i 61,1 smh^Ao) 61,1 

±A , . ai ± iA6i j3 \5i±i52 , ±A , „ N ai±i\b^ 3 i Ao\ ± z#2 



' VA6i,i >/A&i,i<Jcoth(A<y/2) ' v^oi,! v / A6 lil 5coth(A5/2) : 

4J(a, 5) := (fll ± / A6l ' 3)2 - f 3 2)2 fa - 2 tanh(A5/2)) + A 2 6 3 , T 2,Aa 3 

oi,i Aoi,i<r V / 

and 



1 3 • 



£±a(z) := exp j ± ^y^x/A(2a 3 + ai0 2 ) + 2a 2 x) - y(36 3 , 3 + 3ai6 2 , 3 + a\b 2 ^) 

A 3/2 A 1 
^-(26 2 , 3 + 0162,2)2; - -62,2a: 2 >■ 

We prove this theorem in Sectional 

Remark 3.1 Consider a Gaussian convolution semigroup (m)t^o with infinitesimal gen- 
erator N given in (|2.1|) . Siebert [T3J Proposition 3.1, Lemma 3.1] proved that (fit('n±\)) t>0 
is a strongly continuous semigroup of contractions on L 2 (Kf) with infinitesimal generator 

3 -^33 
N (^±x) = ^2a k X k (ir± x ) + - ^2^2b jtk X j (7r ± x)X k (7r ±x ), 

k=l j=l k=l 

where 

X(ir±x) u '■= limt^ 1 (7r±A(exp(tX))-u — u) 
for all differentiable vectors u. Hence 

[Xi{it±))u]{x) = V\u'(x) = V\Du{x), 
[X 2 (7i±x)u](x) = ±i"/\xu(x), 
[X 3 (ir±x)u](x) = ±i\u(x) 
for all i6i Consequently, 

N(tt±x) = ail + 0L2X + a 3 D + a 4 x 2 + ol§(xD + Dx) + a§D 2 , 



7 



where 



l\%, 3 ± i\a 3 , a 2 = -A 3/2 6 2 ,3 ± i\ 1/2 a 2 , a 3 = A l7 V ± i\ i/2 b ly 



ai= 2 

1 i 1 

a 4 = --A&2.2, a 5 = ±-A6i,2, a 6 = t^M- 

4 Absolute continuity and singularity of Gaussian 
measures 

A probability measure /x on HI is said to be absolutely continuous or singular if it 
is absolutely continuous or singular with respect to a (and then necessarily to any) Haar 
measure on HI. It is known that the class of left Haar measures on HI is the same as the 
class of right Haar measures on HI and hence we can use the expression "a Haar measure 
on HI" . It is also known that a measure v on HI is a Haar measure if and only if v is the 
Lebesgue measure on M. 3 multiplied by some positive constant. The following proposition 
is the same as Proposition 2.1 in Pap jTUj. But the proof given here is simpler, we do not 
use Weyl calculus. 

Proposition 4.1 If \x is absolutely continuous with density f then the Fourier transform 
Ji(7r±x) is an integral operator on L 2 (M.), 



\fi(n±\)u](x) = / K± x (x,y)u(y)dy 
Jr 

with kernel function K±\ : M 2 — > C given by 
where 

7 2 ,3(si,s 2 ,? 3 ) := / e^ + ^f( Sl ,s 2 ,s 3 )ds 2 ds 3 , ( Sl ,s 2 ,s 3 )eR 3 
Jr 2 

denotes a partial Euclidean Fourier transform of f . 

Proof. Using the definition of the Schrodinger representation we obtain 

$(n±\)u](x) = [ e ±i(^3+^2x + A SlS2 /2) u(x + y/x Sl )f( Sl , S2 , S3 )6 Sl ds 2 ds 3 
Jr 3 

= 7X L a ^ {Xs3+ ^ S2X+ ^ (y ~ x)s2/ My)f 0^=r-, si, dy ds 2 ds 3 



K± x (x,y)u(y) dy, 



where 



Hence the assertion. □ 

The partial Euclidean Fourier transform / 2 ,3 can be obtained by the inverse Euclidean 
Fourier transform: 

/ 2 ,3(si,s 2 ,? 3 ) = 7T / e- iSl5l /(3i,? 2 ,? 3 )c1si, (sx,7 2 ,s 3 ) e R 3 , (4.1) 
^ Jr 

where / denotes the (full) Euclidean Fourier transform of / : 

f{si,s 2 ,s 3 ) := [ e i ^ + ~ s ^ + ^f(s 1 ,s 2 ,s 3 )ds 1 ds 2 ds 3 
Jr 3 

for (si, S2, S3) G R 3 . Moreover, p,(7r±\) is a compact operator. If the density / of fi 
belongs to the Schwarz space then fi(ir±\) is a trace class (i.e., nuclear) operator. 

In order to apply Proposition 14.11 we shall need the description of the set of absolutely 
continuous Gaussian measures on HI. Using a general result due to Siebert [14, Theorem 2] 
one can prove the following lemma as in Pap fDJ Lemma 3.3]. 

Lemma 4.1 A Gaussian measure fi on H with parameters (a,B) is either absolutely 
continuous or singular. More precisely, fi is absolutely continuous if 61,162,2 — b\ 2 > and 
singular if 61,162,2 — 6 2 2 = 0. 

The next lemma describes the support of a Gaussian measure on EI. 

Lemma 4.2 Let (fitjt^o 6e a Gaussian semigroup on EI tuzi/i infinitesimal generator N 
given by (12. 2|) . According to the structure of N we can distinguish five different types of 
Gaussian semigroups: 

(i) N — Y + \{Y^ + Y 2 2 + Y 3 2 ) mt/i Y\, Y 2 and Y 3 linearly independent. Then the 
semigroup is absolutely continuous and supp (fit) = H for all t > 0. Moreover, 
rank (5) = 3, 61,162,2 - 6 2 , 2 ^ 0. 

(ii) N = Yq + ^(Y^ + Y 2 2 ) with Y\ and Y 2 linearly independent and [Yi, Y 2 ] ^ 0. T/ien 
£/ie semigroup is absolutely continuous and supp (fi t ) = EI /or a// £ > 0. Moreover, 
rank (5) = 2, 6i,i6 2 , 2 - 6?_ 2 ^ 0. 

(iii) iV = Yq + |(Yi 2 + Y 2 2 ) with Yj and Y 2 linearly independent and [Yi, Y 2 ] = 0. 
T/ien t/ie semigroup is singular, it is a Gaussian semigroup on R 3 as well, and it is 
supported by a 'Euclidean coseV of the same closed normal subgroup, namely, 

supp {fit) = exp(tY + R • Y x + R ■ Y 2 ) 

for all t > 0. Moreover, rank(£?) = 2, 6i,i6 2 , 2 — 6 2 2 = 0. 

(iv) N = Yo + ^Yj 2 . T/ien £/ie semigroup is singular, it is a Gaussian semigroup on R 3 as 
well, and it is supported by a "Euclidean coset" of the same closed normal subgroup, 
namely, 

supp (fi t ) = exp(tY + R • Yi + R • [Y , Yi]) 
for all t > 0. Moreover, rank(i?) = 1, 61,162,2 — 6 2 2 = 0. 
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(v) N = Yq. Then the semigroup is singular and consists of point measures, namely, 
iH = £ex P (ty ) f or al1 t^O. 

Proof. From general results due to Siebert [T^ Theorem 2 and Theorem 4] , it follows that 
a Gaussian measure /z on H is absolutely continuous if and only if Q := C(Yi, [Yj,Y k ] : 
l^i^d,0^j^k^d) = R 3 , where £(•) denotes the linear hull of the given vectors, and 
Yi G H, ^ i ^ d are described in ()2.2|) . Moreover, the support of /i t is 



supp (/i f ) = (J f Mexp (—J J for all t > 0, 

where M is the analytic subgroup of H corresponding to the Lie subalgebra generated 
by {Yi : 1 ^ i ^ r} and the bar denotes the closure in EL Clearly [Yi, Yj\ = 0, [Yi, Yj] = 
(<ri,i<r2j ~ o\j02,i) X 3 for l^i<j^d and [Y, Z] G C(X 3 ) for all Y, Z G H. 

We prove only the cases (iii) and (iv), the other cases can be proved similarly. 

In case of (iii) we have Q = C{Y\, Y 2 , [Y , Yi], [Y , Y2)). Since [Yi,^] = 0, we have 
01,102,2 — °\ 2 — 0, so Y\ and Y2 are linearly dependent in their first two coordinates, thus 
their linear independence yields X 3 G C(Yx,Y 2 ). Moreover, [Y , Yx], \Y , Y 2 ] G £(X 3 ) C 
£(Yi,Y 2 ). So Q = £(Yi, Y 2 ) 7^ R 3 , i.e., the semigroup (fit)t^o is singular. 

To obtain the formula for the support of fit it is sufficient to prove that 
(Mexp (£>o)) = exp(tY + R • Y x + R • Y 2 ) for all t > and n G N, where now 
M = exp(R • Y\ + R • Y 2 ). The multiplication in EI can be reconstructed by the help of the 
Campbell-Haussdorf formula 

exp(X) exp(F) = exp (x + Y + ^[X, Y]j , X,Y E H. 

Applying induction by n gives the assertion. Indeed, for n = 1 we have Mexp(tYo) = 
exp(R- Yi + R- y 2 )exp(ty ) = exp(tY +R- *i +R- Y 2 ), since X 3 G C(Y\, Y 2 ). Suppose 
that ( M exp (^jlo) J = exp(tY" + R- Fx +R- Y 2 ) holds. Using the Campbell-Haussdorf 

formula and the induction hypothesis we get ^Mexp (^^0) j — ex P (^i^^o + R ' Y\ + R ' 
F 2 )exp (^yo + R-Fi + R-Fs). Since X 3 e C(Y U Y 2 ) and [Y, Z] G £(X 3 ) for all Y, Z G 7i, 
application of the Campbell-Haussdorf formula once more gives the assertion. 

The case (iv) can be obtained similarly. Indeed, we have Q = £(Yi, [Y ,Yi]) 7^ R 3 , 
M = exp(R-Fi), hence supp = exp (tY + R • Yi + R • [Yi, Y ]) for all t > 0. □ 



5 Euclidean Fourier transform of a Gaussian measure 
and the proof of Theorem 13.11 

Now we investigate the processes (W^(t)) t y> Q and (Wk,i(t))t^o (defined in Section^. 
Let t > be fixed. We prove that (t) and Wk,e(t) can be constructed by the help 
of infinitely many independent identically distributed real random variables with standard 
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normal distribution. Because of the self-similarity property of the Wiener process it is 
sufficient to prove the case t = 2n. 

Lemma 5.1 Let (Wi(s), . . . , W^s))^^^] be a standard Wiener process in M. d on a prob- 
ability space (Q,A, P). Let us consider the orthonormal basis f n (s) = (2ir)~ 1 ' 2 e ms , sE 
[0,2n], n G Z in the complex Hilbert space L 2 ([0,27r]). // {g{s))se[o,2-K] is an adapted, 
measurable, complex valued process, independent of (Wi(s), . . . , Wd(s)) ae [0,271-] such that 



/ g(s)dW J (s) = J2(gJ n ) f n {s)dW 3 {s) a.s 



j = l,...,d, (5.1) 



where (• , •) denotes the inner product in L 2 ([0,27r]) and the convergence of the series on 
the right hand side of 1)5.1)) is meant in L 2 (Q, A, P). 

Proof. Let 1 ^ j $C d be arbitrary, but fixed. First we prove that the right hand 
side of 1)5.1)) is convergent in L 2 (Q, A, P). Using that the processes (<7(s)) s e[o,27r] an d 
(Wi(s), . . . , W / d(s)) s6 [o,27r] are independent of each other, for n, m <G Z, n 7^ m, we get 



(p2n />2ir 



2tt 



2tt 



= E(( Sl / n )( 9 ,/ m ))E(| fMdWjWj fMdWfc) 

p2n 

= E((gJ n )(gJ m )) / f n (s)f m (s)ds = 0. 
Jo 

Using again the independence of (<?(s)) s s[o,27r] and . . . , Wd(s)) se [o,27r]j we have 



2t 



(gJn) / Us)dw ] {s) 



E\(g,fn)\ E 



2- 



2- 



E (^/n) / |/„(a)| 2 d S =E (g,f n ) 



Since E f / 27r \g(s)\ 2 ds^ < 00, Parseval's identity in L 2 ([0,27r]) gives us that 



i-2-k 

nez ■ /o 



s) I 2 ds a.s. 



This implies that 



/■2-7T 

^E|^,/„)| 2 = E / |^( S )| 2 d S < 00. 
nez - 70 



Hence the right hand side of 1)5.1)1 is convergent in L 2 (f2, .4., P). 
We show now that 



/ , 2-7T /*2"7r 

f g^dW^-yZfaU) f n (s)dW j (s 
„ez - 70 



0. 
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which implies (|5.1|) . We have 



/ g(8)dW j (8)- y £ t {g,f n ) f n (s)dW j (s 

JO nt= y JO 



2k 



2 



g(s)dW j (s) 



+ E 



/■27T 



/ ^(s)dW^(s)V( 5 ,/ n ) / / n (s)d^(s) ) =:A 1 +A 2 -2ReA 3 . 



Then we get 



/•27T 

A = e/ |^( S )| 2 d S 
Jo 



•4 2 = E E 



nez 



2tt 



(»,/*> / fn{s)dWj(s) 



r2ir 

TE\{g,f n )\ 2 = E \g(s)\ 2 ds 

nGZ ^ 



(/•27T /»27T 
/ g{s)dW 3 {s)Jg~Q JJs)dW 3 {s 
Jo Jo 



Let us denote the a-algebra generated by the process (<?(.s))se[o,27r] by J-"(g). Then we 
obtain 



/ g(s)dW 3 {s)(g,f n ) f n (s)dW 3 (s) f(g) 
Jo Jo 

(/ 1-2-K f2lT 
Jg~fjE[ g(s)dW 3 (s) Us)dW 3 {s) H9) 
\Jo Jo 

»c7 V JO / ./-J 



Hence the assertion. 

The next statement is a generalization of Section 1.2 in Chaleyat-Maurel 0. 



□ 



Lemma 5.2 Lei ( Wi (s), Wd(s)) s& [0,271-] a standard Wiener process in M. d . Then 
there exist random variables aH\ b„\ n G N, j = l,...,d with standard normal distri- 
bution, independent of each other and of the random variable (Wi(2ir), . . . , Wd(2n)) such 
that the following constructions hold 



00 . 



n=l 



6? a« - -^(2tt) - 6W af - 



b ( ' 



a.s., (5.2) 



(5.3) 



71=1 



for all 1 ^ j < k ^ d and I = 1, . . . , d, where the series on the right hand sides of (5.2) 
and (5.3) are convergent almost surely. 
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Proof. Retain the notations of Lemma I5~T1 and let us denote := f n (s) dWj(s), 
ji 6 Z, j = 1, . . . , d. Then Cn\ n 6 Z, n ^ 0, j = 1, . . . , d are independent identically 
distributed complex random variables with standard normal distribution, i.e., the decom- 
positions c« = — , n G Z, n ^ 0, j — 1, . . . , d hold with independent identically 

distributed real random variables G Z, n ^ 0, j — 1, . . . , d, having standard 

normal distribution. Specifying g as the indicator function 1[ 4 ] of the interval [0, t] 
(t G [0, 2n]) in Lemma I5~T1 we have for all t G [0, 2n] 

Wt(t)= E c^-(/_ n (t)-/ (t)) + ^= a.s., £=l,...,d. (5.4) 

n£Z,n=£0 

In fact, there is a set f2 with -P(fio) = such that ()5.4|) holds for all oj and 
for almost every t G [0, 27r] (see, e.g., Ash [1, p. 107, Problem 4]). Applying (|5.1|) with 
g = Wk and the construction ()5.4j) . Chaleyat-Maurel [B] showed that ()5.2j) holds. Choosing 
(7(5) = sl[ 0) t](s), (t G [0, 27r]) in Lemma IB~T1 it can be easily checked that 



q — . a. s. 



By Ito's formula we get W^(t) = \tWt{t) - f s dWi(s). Using the construction ()5.4j) of 
We(t) and the definition of c$ a simple computation shows that ()5.3|) holds. By Lemma 
15. li the series in the constructions ()5.2|) . (j5.3|) and ()5.4|) are convergent in L 2 (Q, A, P). Since 
the summands in the series in ()5.3|) and ()5.4|) are independent, Levy's theorem implies that 
they are convergent almost surely as well. Finally we show that the series in (J5.2|) is also 
convergent almost surely. For this, using that En=i b n/n 

is convergent almost surely for 

all £ = 1, . . . ,d, it is enough to prove that the series 

n=l 

is convergent almost surely. Here b$Om — bn^dn\ n G N, are independent, identically 
distributed real valued random variables with zero mean and finite second moment. Hence 
Kolmogorov's One-Series Theorem yields that the series in (|5.5j) is convergent almost surely. 
□ 

Taking into account Proposition 14.11 and the representation of a Gaussian semigroup 
(jh)t^o by the process (Z(t)) t ^ (given in Section |2J), in order to prove Theorem 13.11 we 
need the joint (Euclidean) Fourier transform of the 9-dimensional random vector 

{W l {t) ) W 2 (t), W 3 (t), W*(t), W*(t), W*(t), W 1>2 (t), W lt3 (t), W 2 , 3 {t)) . (5.6) 

Proposition 5.1 The Fourier transform F t : R 9 — > C of the random vector ()5.fi|) is 

F t (vi, V2, m, Ci, C2, Cs, 61,2, £1,3, 6,3) = 

c:q , ~ r 2k w c)2 , iieii a n^ a +«<f^ a «)iicii ! 



cosh(t||e||/2) I 4||e|| 2 I 6 2(1 + k)U\\ 2 
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for £ : = (6,3,-6,3,£i, 2 ) T G R 3 with £ ^ 0, w/iere 77 := (771, r/ 2 , r/ 3 ) T G R 3 , C := 
(Ci,C2,Cs) T GR 3 , and 



.:=Mcoth'« 



\/i/C 



6,2 6,3 
—£1,2 £2,3 

— £l,3 — ^2,3 



(5.7) 



(Here 



and (■ , •) denote the Euclidean norm and scalar product, respectively.) 



To calculate the Fourier transform of ()5.6)1 we will use the constructions of the processes 
(W£(t))t^>o and (Wk/(t))^> (see Lemma 15. 2|) and the following lemma. 

Lemma 5.3 Let X be a k -dimensional real random vector with standard normal distri- 
bution. Then we have 

1 



Eexp{(v,X)-s(BX,X)} 



x det (I + 2sB) 



exp j~(r7, (I + 2sB)- 1 7])^ 



(5.J 



/or a// 77 G C fc , s G R + and real symmetric positive semidefinite matrices B. (Here I 
denotes the k x k identity matrix.) 

Proof. Consider the decomposition B = UAU T , where A is the kxk diagonal matrix 
containing the eigenvalues of B in its diagonal and U is an orthogonal matrix. Then the 
random vector Y := U T X has also a standard normal distribution. This implies that 

Eexp{(^,X) -s(BX,X}} = E exp { (77, UY) — s(AY, Y) } 

1 



J Rk exp \ ^' Uy } ~ s ^ Ay ' y } ~ 2 ^' ^ J dy ' 

where y = (yi, • • • ,Vk) T G R fc . Let Ai, • • • , A& denote the eigenvalues of the matrix B. 
A simple computation shows that 



(rj,Uy) - s(Ay,y) - -(y,y) 



j= i V / j= i j= i 

(U r Rerj)j\ 2 , ^ (£/ T Rer7)2 



1 + 2s Ai 



4-! 2(1 



2sX j ) 



j=l j=i \ 3=1 

Using the well-known formula for the Fourier transform of a standard normal distribution 

1 



(x — m) 2 . 
exp \ ixt — - — } a.r 



for all t, m G R and a > 0, we obtain 
Eex V {(r],X)-s(BX,X)} 



27rcrexp <{ imi — -^o- 2 t 2 



(5.9) 



nL( 1 + 2sA i) 



exp < i 



E 

3=1 



1 + 2s A,- 



2^2(l + 2sX j ) + ^2(l 



(U T Retf) 2 



U 2(1 + 2s\ 3 ) 
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Hence the assertion. 



□ 



Proof of Proposition 15.11 Because of the self-similarity property of the Wiener 
process, the random vectors (Wk(t),W^(t),W Ptq (t) : 1 ^ k,£ ^d, l^p < q^d) and 
(c- 1/2 W k (ct), c- 3/2 W;(ct), c^Wp^ct) : 1 < k, £ s= d, l^p<q^d) have the same distri- 
bution for all t > and c > 0. Hence 



F t (r]i, 7/2, 7/3, Ci, C2, Ca, 6,2, 6,3, 6,3 

7 



2tt 




2n Vl ' V 2vr 





t / t 

V2, \hr^ 



3/2 



C: 



i- 



2tt y 



27T / 



so it is sufficient to determine F 2n . By the definition of the Fourier transform we get 

F 2 n{Vl, V2, 7/3, Ci, C2, Cs, 6,2, 6,3, 6,3) 

r / 3 3 m ( 5 - 10 ) 

= Eexpjif J]7/^(27r)+^0W*(27r)+ ]T &kW ijfc (27r) H. 

^ ^ 3=1 3=1 Kj<fc^3 ' ' 

For abbreviation let F 2n denote F 27r (7/1, 7/ 2 , t/ 3 , Ci, C2, C3, £1,2, 61,3, 62,3)- Define the random 
vector x ■= (Xi,X2,X3) T by 

Xi := -&,2-^W2(27r) - ^ 13 J-W 3 (2n) - 2^Ci, 

'7T \/7r 



X2 := £i, 2 -^Wi(27r) - £ 2 1 H/ 3 (27r) - 20<2, 

' 7T \/7T 



X 3 := 6,3^^(277) + £ 2 1 H/ 2 (2tt) - 2v^C 3 - 



Substituting the expressions (|5.2jl . ((Qj) for Wj^n) and W/(27r) into the formula ()5.1()j) . 
taking conditional expectation with respect to {W}(27r), ai\ 1 ^ j ^ 3, n ^ 1}, and using 
the identity E(E(X|Y)) = EX (where X, K random variables, E|X| < 00), we obtain 



2tt 



exp \i(7 ll W 1 (2TT) + i] 2 W 2 (2tx) + r] 3 W 3 (2n)) 



E(ex P {i^-(e-a n + X , & n ) 



H^(27r),ag) J l<j<3,n^l 



71=1 

where a n := (a^ , On , ) T and 6 n := (&£ 1 , b„ , bn ) T - Taking into account that 
bn , &n j are independent of the condition above and of each other for all n G N, 
using the dominated convergence theorem and the explicit formula for the Fourier transform 
of a standard normal distribution we get 



'27T 



exp{i(7/iW r i(27r) +7/ 2 W 2 (27r)+7/3W 3 (27r))} JJexp 



n=l 



1 



2n 2 



U ■ a n + X\ 



Since £ is a skew symmetric matrix, there exists an orthogonal matrix M = {mj,k)i^j,k^.3 
such that 

p 
-p 




=: P. 
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The orthogonality of M implies M 1 = M T , hence MP. We have 

-pm 12 pm>i,i 
MP= -pm 2 , 2 pm a ,i = [-pm 2 ,pmi,0], 
-pm 3i2 pm 3i i 

where nij, i = 1,2,3, denotes the column vectors of M, that is, M = [m 1 ,m 2 ,m 3 ]. 
Obviously, £M = [£mi, C m 2, C m 3]> hence £rrij = — pm.2, = pmi, = 0. Taking 

into account that M is orthogonal, we have 1 1 m.3 1 1 = 1, hence 

1 



m 3 



: (G,3, — £l,3) ^1,2) • 



Cl,2 + 6l,3 + ^2,3 

Moreover, ( 2 mi = (((mi) = £(— pir^) = — J9 2 mi. The only nonzero eigenvalue of £ 2 is 



— (£1,2 + £1,3 + ^2,3); hence p = ±y£ 2 2 + £ 2 3 +£|,3> and ^ can be chosen such that 
m 3 = e/llell, P=||£||, and thus 

1 



(m^w) 2 + (m 2 ,w) 2 = ||M t m|| 2 - (m 3 ,<u) 
for all iiGll We also get 

"U\\ 2 0' 



2 = IMI 2 



lien 



(5.11) 



-e 2 = M 



neii 2 
000 



M T =: MAM T . 



To continue the calculation of the Fourier transform of (|5.6|) we take conditional expectation 
with respect to {Wi(27r), W2(2ir), I4 / 3 (27r) }. A special case of Lemma I5~3l is that 

Eexp j-s^Y/J = -^==i===exp|^(2 S 2 D 1 / 2 (/ + 2 S D)- 1 D 1 / 2 - S /)m,m^| 

for all s G 1R + , where K = (Y"i, • ■ • , Yfc) T is a fc-dimensional random variable with normal 
distribution such that EY = m and VarY = D. Applying this formula for Y = £ ■ a n + x 
with s = (271 2 )- 1 , m = x and D = £ ■ £ T = -£ 2 = MAM T we get 



'27T 



exp {i(//iWi(27r) + r) 2 W 2 (2Tr) + r] 3 W 3 (2n)) 



x 



n - 



exp |^(n- 4 VA(J + r^A^v 7 ! - n^/jM -1 *, M _1 x) J 



Clearly det (/ + n~ 2 A) = (1 + n- 2 ||£|| 2 ) 2 . Using that [17=1 pfe* = jjfe xcothx-1 
that (£, x) 2 = 4vr(C,^) 2 we obtain 



x2 YlkLi k i n^+x i ' x e ^ ( see 0' f° rmu las 1.431 and 1.421), the identity ()5.11|) and the fact 



Tiieil 



271 



sinh(7r||e||) 



exp 



7T 3 / 1 



lien 2 V 3 ^ 2 nen : 



<c,o s 



Eexp <^ ifaWi^ir) +r} 2 W 2 (2Tr) +r] 3 W 3 (2ir)) - 



\x\ 
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where k = 7r||£|| coth(7r||£||) — 1. A simple computation shows that 



Ixll 2 



l - ((& + &)W?(2n) + (g, 2 + ih)Wi{2-n) + (g 3 + ^)W^)) + 4vr 

+ -(6,36,3^i(2vr)^ 2 (27r) -6,26,3^(2^)^3(2^)) +6,26,3^2(271)^3(2^ 

- 4(6,2(2 + 6,3C3)WM2tt) + 4(6,26 - 6,3(3)^2(2^) + 4(6, 3 Ci + 6,3(2)^3(2^). 

Using Lemma 1531 with rj = y ^^^( + i\/2~TTT], B := — 2£ 2 , s = and taking into account 

that ^/det (J + 2sB) = 1 + k we conclude 

F 27 r = — — exp <^ - C, 0' 

(1 + K )sinh(7r||6|) I ||el| 2 V3 tt 2 ||6|V 



Using (|5.11j) we get 



-11 K t2^ _1 ~\ 1 ii~i|2 . K (^V)' 



H6P ) 1 i + «" i + K ||6| 2 

Hence the assertion. □ 

Proof of Theorem 13. 1L We prove only the case rank(£>) = 3. The cases rank (B) = 1 
and rank (B) = 2 can be handled in a similar way. In case rank (B) = 3 the measure /1 
is absolutely continuous and so Proposition 14.11 implies that the partial Euclidean Fourier 
transform / 2 ,3 of the measure fi has to be calculated in order to obtain the Fourier 
transform p(n±\). Let (/i*)t>o be a Gaussian semigroup such that //1 = \i and let 
pi := a 1A cr 2 ,2 ~ Oifl02,\, P2 ■= 0"i,i°"2,3 - 0"i,30"2,i, p3 ■= ^1,2^2,3 - ^1,3^2,3 by definition. In 
case rank(£>) = 3, the representation of (pt)t^o by the process (Z(t))^ (see Section 
gives us 

3 3 

fc=i fc=i 

3 3 

Z 3 (l) = «3 + XI ff 3,fcW fc (l) + ^(a 2 a lifc - 0x^)^(1) + piWi, 2 (l) + p 2 Wi )3 (l) + p 3 W 2 , 3 (l). 
fc=i fc=i 

This implies that the (full) Euclidean Fourier transform of the measure /i is 
7(?i,s 2 ,? 3 ) =Eexp j^sxZ^l) + s 2 Z 2 (l) + s 3 Z 3 (l))| = exp {i(3iai + s 2 a 2 + s 3 a 3 )} 

x Eexp I i( y](<7i )fc ?i + a 2ifc s 2 + a-3 )fc s 3 )W fc (l) + ^(a 2 o- ljfe - aia 2jfc )s 3 lU fc *(l) 

^ ^ fc=l k=l 

+ s 3 piW h2 (l) + s 3 p 2 W 1:3 (l) + s 3 p 3 W 2 , 3 (l) 
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Proposition 14.11 shows that we may suppose S3 7^ 0. Using Proposition 15.11 and the facts 
that 



7Aa2Qi,fc - ai<?2,k) 2 = h^aj - 2b^ 2 a x a 2 + b ltl al, d = 1, 2, 3, 



fc=i 



Pi(aiO"2,3 - a 2 o-i i3 ) - p 2 (oiO"2,2 - a 2 cr lj2 ) + p 3 (ai0"2,i - «20"i,i) = 0, 

r2 2 1 2 1 2 
^ = Pl+P 2 +P 3 > 



(5.12) 



we get 
7(?i,s 2 ,s 3 ) 



1 f ~ k 

— exp ^ z(siai + s 2 a 2 + s 3 a 3 ) - —^(62,20? - 2&i >2 aia 2 + &i,ia 2 ) 

cosh(|s 3 |o/2) [ v ' 2<r v 



+ 



2 + K (€,V)' d 



where 



with 



2(1 + 2(1 + k) (5 2 

»-¥«*(¥) 



vi = px(aia 2 ,2 - ^20-1,2) + P2(aicr 2j3 - a 2 a 1>3 ), 
v 2 = -pi(ai0- 2 ,i - 0201,1) + P3(aio r 2,3 - a 2 cr li3 ), 
^3 = -P2(ai<72,l - 020"l,l) - p 3 (aicr 2 , 2 - 0201,2), 

and s : = (si, s 2 , s 3 ) T , £ := (p 3 , —p 2 ,p 1 ) T . It can be easily checked that 



2 = -S^detS, 



2 = -(Bs,s) + ^■(Uj'u) - 2z-^((siai + s 2 a 2 )5 2 + s 3 (aic5 3 + a 2 5i)) ; 



K 



s T Bs = bi 1 ( si + 



^1,2^2 + 



+ 



1 


s 2 


T 


> 






S2 


^7 


S3 




<*1 


5 4 




S 3 



where 5 3 := b 13 b 22 — 61,2^2,3 an d £4 := &i,i& 3 , 3 — b\ 3 . Using (j4.1j) . the identities above and 
()5.9|) . the partial Fourier transform / 23 can be calculated as follows 



/2,3( s l5 s 2, S3) 



27r6i 1 sinh(|s 3 |(5) 



exp 



2(1 + k)5 2 



(&2,2«i - 26i j2 aia 2 + 6i,ia|^ 



-S2det B 



2(1 + k)6 2 3 
bi, 2 s 2 + &i, 3 s 3 / ai 



1 


s 2 


T 


> 






s 2 


1 + K 


2(1 + /c)6 Xl i 


S3 




<*1 


S 4 




s 3 


26i,i 



- Si 



61.1 



1 + K 



si +2 s 2 a 2 + s 3 a 3 



(1 + k)c5 : 



■(s 2 a 2 <5 2 + s 3 (ai<5 3 + a 2 5i)) 
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Finally Proposition 14.11 implies that the Fourier transform //(7t±a) is an integral operator 
on L 2 ( 



[fi(7r±x)u}(x) = / K± x (x,y)u(y)dy, 
where K±\ has the form given in Theorem 13.11 



□ 



6 Convolution of Gaussian measures 

The convolution of two probability measures p! and //' on EI is defined by 

(// * n"){A) := [ fi , '(h- 1 A)i2 , (dh), 
Ju 

for all Borel sets A in EI. 

First we give an explicit formula for the Fourier transform of a convolution of two Gaus- 
sian measures on EL 

Theorem 6.1 Let \il and fi" be Gaussian measures on EI with parameters (a',B') 
and (a",B"), respectively. Then we have 

(// * n") {Xa,p) = exp o(K + a")a + (a' 2 + a 2 )(3) 



- \ ((Ki + K> 2 + 2 ( &, i,2 + + ( b 2,2 + by? 2 ) 



(// * ji") (tt± x )u (x) 



L±x(x)u(x + y/X(a[ + <)) if V X i = fe i l = Q > 



K±x(x,y)u(y) dy 



otherwise, 



where L±x( x ) given by 

exp < ± i(^\(a' 3 + a'z + {a' x a' 2 + a'[a' 2 )/2) + y/\(a 2 + a' 2 r )x + Xa^a^j 



A 2 / 

- y [ b> 3,3 + b 3,3 + a 'l b 2,3 + O'l + °l) 6 2,3 + (i a 'l)%,2 + K) 2 ^)/ 3 + a 'l( a 'l + a l) b h 
\3/2 \ } 

- —4 2b 2,s + 2b i3 + <« 2i2 + (2a[ + a'{)b' 2 \ 2 ) - -x\V %2 + j, 
and K±x(x, y) := C exp { — ^z T Vz}, z := (x, y, 1) T ; with 

C± X (B') if 6' M > and b'^ = 0, 

c . JC± X (B") if 6^ = and 6?, x > 0, 



C ±x (B')C ±x (B")J j-^jr if b' hl > and b'^ > 
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(taking the square root with positive real part) and 

-VXa'(d' 12 



V 



D ±x (a'B') + 







2 P3,2 



P3,3 



»/ 6i ! > and b'{ x = 0, 



A&2 2 gi >3 
VAoid? j2 

g 3i VXa'^U g 3j3 



i/ 6i ! = and &'/ x > ; 



d" 



4,3 

d" 

u 2,3 



uu 1 



d 2 o + d 1 i 



»/ 6i ! > and b'[ x > 0, 



^3,1 ^3,2 ^3,3 + ^3,3 

where d' h k := df^(a', B'), d" jk :=d^{a",B") for l^j,k^3 and 
U:= (d'^d'^d^ + diy, 
p 2 3 : = P3 2 ■= -V\a'[d! 22 + A 3/2 (26 , 2 , i 3 - a'[b' 2 \ 2 )/2 t iV\<4, 

p 3 ,3 := -VM(4 >3 + d' 3)2 ) + A«) 2 d 2i2 + A 2 (6 3 ' )3 - a'[b% + «) 2 6^ 2 /3) =f zA(2a 3 ' - a?a*), 
9i,3 := 93,1 := VXa'^ + A 3/2 (a , 1 6 2j2 + 2fc 2j3 )/2 T i^a' 2 , 

g 3 , 3 := V^a'i« 3 + d'^) + A(a / 1 ) 2 d / 1 ' jl + A 2 (o 33 + a[b' 2 . 3 + (a^&^/S) T *A(2a' 3 + aia'z). 

Proof. If b\ x > and 6'/ x > then the assertion can be proved as in Pap ^01 Theorem 
7.2]. If b' 1A > and b'l A = then by Theorem O 



with 



[n'(n± x )u}(x) = / K' ±x (x,y)u(y)dy 
K' ±x {x, y) := C ±X (B') exp {-~z T L> ±A (a', 5')z j , z = (x, y, 1)" 



and 



[Ai // (7r±A)M](w) = exp <j ± ^^(\/A(2a 3 + a"a 2 ) + 2o! 2 y) - y (3o 33 + 3a"b 2 3 



2 

A 3/2 



A, 



Clearly we have 

(// * y.") (7c±\)u (x) = ln'(7r±x)fi"(7i±\)u](x) 



K ; ±x (x,y)[fi"(n ±x )u}(y) dy. 



Using the formulas for n'(ir±\) and fi"(ir±\) an easy calculation yields that K± x has the 
form given in the theorem. The other cases b xl — 0, b xl > and b[ x = b'[ x = can be 
handled in the same way. □ 

We need two lemmas concerning the parameters of a Gaussian measure on H. 
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Lemma 6.1 Let us consider a Gaussian semigroup (fit)t^o such that fit is a Gaussian 
measure on HI with parameters (a,B). Then we have 

ai = EZ U i = 1, 2, 3, b itj = Cov(Z h Z s ) if ^ (3, 3), 

and 

63,3 = VarZ 3 - ^(VarZiVarZa - Cov(Z 1 , zT 2 ) 2 ) 

- (VarzT 2 (EZO 2 - 2Cov(Z 1 , Z 2 ) EZ X EZ 2 + Var^ (EzT 2 ) 2 ), 
where the distribution of the random vector (Zi,Z 2 , Z 3 ) with values in R 3 zs yUi. 

Proof. Let Z(t) := (Zi(t), Z 2 (t), Z 3 (t)), t^O be given as in Section H Taking the 
expectation of Z(l) yields that E(Zj(l)) = a^, 2 = 1,2,3. Using again the definition of 
Z(l) and the fact that B — £ • S T we get 

d d d 

Var(^(l)) = X)X;^ M E(W fc (l)Wi(l)) = EX* = 6 lfl . 

fe=i £=1 fc=i 

Similar arguments show Var(Z 2 (l)) = 6 2 2 and Cov^^l), Z 2 (l)) = &i i2 . We also obtain 

- d / d d 

Cov(Z 1 (l),Z 3 (l)) = E 



^ ( T lii ^(l)(^a 3 ,^ fc (l) + ^(a 2 a 1 , fe - ai a 2ik )W^l)) 
i=i ^ fc=i fc=i 

d -| 

+ E (7 i,* W *( 1 ) E (ai )^y(l) 



i=l l<fc<^d 

which implies that 

d d d 

Cov(Z x (l), Z 3 (l)) = E a lifc a 3 , fe + E E t7 1)i (a 2 <7i, fc - aia 2jfc )E(Wi(l)W fc *(l)) 



fc=i i=i fe=i 

d 

+ E E ff l,i(' 7 l,fc <7 2^- <7 V <7 2,fc)E(Wi(l)Wfc^(l)) = 6 1) 3, 



i=l l<fc<£<d 

since l^i^d are independent of each other and 

E(Wi(l)W fc *(l)) = E(Wi(l)W M (l)) =0, 1 < z < d, 1 ^ fc < £^ d. (6.1) 

Indeed, 



E(Wi(l)W;(l)) = \ lim E 

/ n— >oo 



E(Wi(l)W M (l)) = \ lim E 

Z n— >oo 



n 

3=1 
n 

m(i) E - wi(^i)) 

3=1 
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for all 1 ^ i ^ d, 1 ^ k < £ ^ d, where {si- : j — 0, • • • , n} denotes a partition of the 
interval [0, 1] such that max 1 <^,,^ n (s^ — sj_ x ) tends to as n goes to infinity. We can 
obtain Cov(Z 2 (l), Z 3 (l)) = 6 2j3 in the same way. Using again the form of Z(t), (jfi.lj) and 
the facts that 

Cov(Wjj(l), W fc/ (1)) = for all l^Kj^d, l^k<£^d, (i,j) (kj), 
Cov(W£(l), W/(l)) = for all l^k,£^d, k ^ £, 

we get 



Var(Z s (l)) =J2 a h + 5>^M ~ «i^) 2 Var(^(l)) 

k=l k=l 

+ ( a ^ a ^ ~ o"i,^2,A ; ) 2 Var(W / fe/ (l)). 



Levy proved that the (Euclidean) Fourier transform of Wk/(1), l^k < £^d (i.e., the 
characteristic function of Wk,e) is 

E ( e «WM(l)) = l<^k<£^d 

v ; cosh(t/2)' 



for all tGM (this follows also from Proposition 15. lj) . so 

1 



Var(W M (l)) 



t=o 



4 



dt 2 Vcosh(t/2) 

Clearly W£ has a normal distribution with zero mean and with variance Var(W£ (1)) = ^, 

1 ^ k ^ d. Using (|5.12j) we have 

1 1 
Var(Z 3 (l)) = 6 3i3 + -(61,162,2 - b\ 2 ) + — (a 2 6 2j2 - 2aia 2 6i,2 + 0261,1). 

Hence the assertion. □ 

Lemma 6.2 Let // and /x" fre Gaussian measures on EI witt parameters (a', B') 
and (a",B"), respectively. If the convolution p! * /x" x's a Gaussian measure on M with 
parameters (a, I?) i/xen we have 

a\ = a\ + a", a 2 = a' 2 + a 2 , a 3 = a' 3 + a 3 + — (a'lO^ — a 2 a i); 

61,1 = b 'i,i + K,v h,2 = 6^,2 + 6? )2 , 62,2 = 6' 2 , 2 + b" 22 , 

Ks = Ks + Ks + \ WKa - <Ka + <Ka - ^Ki) . 

62,3 = 6 2 , 3 + 6 2 3 + - (a 2 6i, 2 - a"6 22 + ai6 22 - a 2 6", 2 ) , 
fe 3,3 = 6 3)3 + 6^3 + a 2 '6' 13 - <6 23 + a[b% >3 - a' 2 b'[ z 

+ i ( - «6 2i2 + «) 2 6 2 , 2 + - ai4'6 2 ' )2 + a[a'^ 2 + a'[a' 2 b' 1>2 - 2< / a 2 / 6 / 1>2 

- 2a[a' 2 b'l 2 + a'^b'l, + a'[a' 2 b'l 2 - a'^b'^ + (a' 2 ') 2 6' lil + {a' 2 fb'[,i - « 2 4'^i)- 
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Proof. Let Z' = (Z[, Z' 2 , Z! 3 ) T and Z" = {Z'{ , Z 2 , Z'l) be independent random variables 
with values in M 3 such that the distribution of Z' is pi and the distribution of Z" is 
p", respectively. Then the convolution pi * p" is the distribution of the random variable 

(Z[ + Z'l Z' 2 + Z», Z 3 + Z'l + \{Z' X Z'{ - Z»Z' 2 j) =: {Z u Z 2 , Z z ). 
Using Lemma EH] we get 

ai = EZ\ = EZ[ + EZ'[ = a\ + a", 
a 2 = EZ2 = EZ 2 + EZ 2 = a 2 + a 2 , 

a 3 = EZ 3 = EZ' 3 + EZ'l + - (EZ[EZ 2 - EZ"EZ' 2 ) = a! 3 + a 3 + -(aia 2 - a 2 °i)> 
since Z' and Z" are independent of each other. Similar arguments show that 

61.1 = VarZi = VarZ[ + VarZ'l = b' hl + b'^, 

62.2 = VarZ 2 = VarZ 2 + VarZ 2 ' = b' 2j2 + b 2 ^ 
6 li2 = Cov(Z 1 ,Z 2 ) = 6 / 12 + 6 / 1 ' 2 . 

We also have 

6 1)3 = Cov(Z u Z 3 ) = Cov(Z[, Z' 3 ) + Cov{Z'{, Z'l) 

+ ~ (Cov(Z;, Z^) - Cov(Z[, Z' 2 Z'[) + Cov(^', Z^) - Cov(2*, Z('Z 2 )) . 

Using this and Lemma 16.11 the validity of the formula for 6 13 can be easily checked. For 
example we have 

Cov(Z(, ^Z 2 ') = E{{Z' x fZl) - EZ[E{Z[Z'l) = (b' x>1 + {a'^a'i - K)V 2 ' = 
The validity of the formula for fe 2j3 can be proved in the same way. Lemma T6 . II implies that 

VarZ 3 = 6 3i3 + -(&i,i& 2 ,2 - &? )2 ) + -j^( a i & 2,2 - 2aia 2 6i >2 + 0361,1) = Cov(Z 3 , Z 3 ) 

= Cov(Z 3 , Z 3 ) + Cow(Z'l ZD + Cov(Z 3 , Z[Z'i) - Cov(Z 3 , ZfZ 2 ) + Cov(Z 3 ', Z(Z 2 ') 
- Cov(Z 3 , ZiZ 2 ) + ~ (Co\/(Z[Z 2 , Z[Z 2 ) - Cov(Z[Z 2 , Z"Z 2 ) 

- Cov(Z"Z 2 , Z[Z 2 ) + Cov(Z"Z 2 , Z'lZ'M . 

Using again Lemma I6~D and substituting the formulas for bi t i, 6i j2 , 6 2)2 , a% and a 2 into 
the formula above, an easy calculation shows the validity of the formula for 6 3)3 . □ 

Our aim is to give necessary and sufficient conditions for a convolution of two Gaussian 
measures to be a Gaussian measure. Using the fact that the Fourier transform is injective 
(i.e., if p and v are probability measures on EI such that p(xa,p) = v(xa,p) f° r & U 
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a, (3 G R and //(7t±a) = v{tt± x ) for all A > then /i = z/), our task can be fulfilled 
in the following way. We take the Fourier transform of the convolution of two Gaussian 
measures fi' and //' with parameters (a', B') and (a", B") at all one-dimensional and 
at all Schrodinger representations and then we search for necessary and sufficient conditions 
under which this Fourier transform has the form given in Theorem 13.11 First we sketch our 
approach to obtain necessary conditions. By Theorem 16.11 (p! * fj,") {tt±\) is an integral 
operator for b\ x + b'[ 1 > 0, and it is a product of certain shift and multiplication operators 
for b'i i + b'd = 0. If the convolution // * //' is a Gaussian measure with parameters 
(a, B) then, by Theorem 13.11 (// * //') (tt± x ) is an integral operator for > 0, and it 
is a product of certain shift and multiplication operators for &i i = 0. By Lemma l6.2| we 
have b\ t i — b' x x + b'{ l5 hence bi t i = if and only if b[ 1 + b" x = 0. Hence if fe^i > 0, the 
integral operator (// * //') (7T±x) can be written with the kernel function given in Theorem 
13.11 and also with the kernel function given in Theorem 16.11 In the next lemma we derive 
some consequences of this observation. 



Lemma 6.3 Let // and [i" be Gaussian measures on M with parameters (a', B') and 
(a",B"), respectively. Suppose that fi' * /i" is a Gaussian measure on M with parameters 

for all 1 ^ j, k ^ 3 



a={ai)i^3, B = (b jtk )i^j,k^3 such that b 1A > 0. Then df£ 
with (j, k) 7^ (3, 3) and for all A > 0, and 



C ±x {B)e W {--d 



±A 
3,3 



C exp 



--v 



±x 

3,3 



where C± X {B), := d**(a, B), l^j,k^3 and C, V 
Theorems VJ . 1\ and \6.1\ respectively. 



A > 0, 



v f,kh<i,k<3 are defined in 



Proof. The Fourier transform (// * jj,") (ir±\) is a bounded linear operator on L 2 
since b\ \ > 0, Theorem 13. II yields that it is an integral operator on L 2 



and 



where 



(// * fj.'f(n± x )u (x) = / K± x (x,y)u(y) dy, u e L 2 (R), x e 



K±\(x,y) = C± X (B) exp <{ --z D± x (a,B)z}, z = (x,y,l) . 



(6.2) 



Let us write d'- k =: dy£(a',B') and d" k =: d^(a" , B") for 1 ^ j, ^ 3 as in Theorem 
16.11 By Lemma we have bi t i = b' 11 + b"^, hence fe^i > implies that b' 11 > or 
b'{ l > 0. Using Theorem 16.11 we have 



where 



(// * n") (n ±x )u (x) = / K ±x (x, y)u{y) dy, u e L 2 (R), x e R, 



K± x (x,y) = Cexp <j -^z T Vz \ , z = (x,y, 1) T . 



(6.3) 



Using ()6.2|) and ()6.3j) . we have 

0= / (K± A (a;,|/)-^±A(^2/))w(2/)d|/, ueL 2 (R), xe 
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We show that if 



/ \K ±x (x,y)\ 2 dy < oo, / \K± x (x, y)\ 2 dy < oo, x G R, (6.4) 
it Jr 

then K±\(x,y) = K±x(x,y), x, y G R. Indeed, for all x G R, the function y G R i— >■ 
K±\(x,y) — K± x (x,y) is in L 2 (R). Hence 

0= / |if ±A Or,y)-if ±A (x,y)| 2 dy, xGR. 

</R 

Then we get 

|#±a(z,Z/) - ^ ±A (a;,2/)| 2 ckdy = 0, 




which implies that K±\(x,y) = K±\(x,y) for almost every x,y G R. Using that lf± A 
and if± A are continuous, we get K±\(x,y) = K±\(x,y), x,y G R. Now we check that 
(|fi.4|) is satisfied. Using the forms of K±\ and K±\, it is enough to check that 

/ exp {-z T Re(D ±A (a, J B))z} dy < oo, i£l, (6.5) 
Jr 

/ exp {-z T Re(V)z} dy < oo, iGK, (6.6) 

where z = (x,y, 1) T . Here Re (D_|- A (a, £?)) and Re (V) are real, symmetric matrices. Let 
us consider an arbitrary real, symmetric matrix M = {mij)i^.ij^.3 with m 2j2 > 0. Then 

z T Mz = mux 2 + 2m 12 xy + vn 22 y 2 + 2m 13 x + 2m 2:3 y + m 33 



1 , A 2 1 



Jm 2 , 2 y + ; X (wi,2g + m 2 ,3) ) — (rrix zx + m 23 ) 2 

y/rn^ ) m 2 , 2 



+ m lt ix 2 + 2mi j3 i + m 3j3 . 

Hence 



/ expj— z T Mz} = exp | {m^x + m 2]3 ) 2 — mi ix 2 — 2m 1]3 i — m 3 3 1 

x / exp { - (jm 2 . 2 y + -^(mi ]2 i + m 2i3 )) 1 dy 
= exp | —(mi 2 x + ra 2>3 ) 2 - mi ix 2 - 2m X3 x - m 3 3 1 

l m 2,2 J 



"7T" I 1 

■ exp 



m 2i2 | m 2 ,2 
which yields that 



X AT / eXp< f~^i dt 

^2m 2:2 J R { 2 J 



(wi )2 a; + m 2>3 ) 2 - m^xa; 2 - 2mi i3 x - m 3i3 I, 



/exp{-z-Mz}d,<oc, 
Jr 
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Hence in order to prove that (|6.5J) and ()6.5|) are valid we only have to check that the (2, 2)- 
entries of the matrices Re(D±\(a,B)) and Re (V) are positive. For example, if b\ l > 
and b'[ x > 0, then 

(Re(\/)) 22 = Re(4 2 )-Re 



If 6' 1;1 6' 2i2 - (6' lj2 ) 2 = 6^ - {b'l 2 f = 0, then 
(Re(V)) 1 1 



+ <i 



-±- 4- 1 



Hence (Re (V)) 2 > if and only if 



+ 



h" h' 

°1,2 _ °1,2 
°1,1 



1 1 
> — + 



\b> \b» 



A simple calculation shows that the latter inequality is equivalent to 

which holds since b[ 1 > 0, b" lx > and A > 0. The other cases can be handled similarly 
Hence ()6.5|) and (jfi.fij) are satisfied, and then K±\{x,y) = K±\(x,y), ijel. 

Using the forms of K±\ and K±\, we get 



C ±A ( J B)exp<J--z l J D ±A (a, J B)z 



C exp | — -z T Uz 



(^,2/, 1) 



Putting z = (0, 0, 1) T gives 



C ±x (B)ex P {--df" 



1 

2 



(6.7) 



Substituting z = (1, 0, 1) T implies 

C ±A (i?)exp|-i(^ + 2^3 A + ^) 
Using ()6.7|) we have 



Cexp|-i(^ + 2^ + ^) 



dg + 2d± A 



With z = (0,1, 1) T a similar argument shows that 

d 2,2+ 2d 2,3 = V 2,2 + 2 '' 

Putting z = (1, 1, 1) T and using ()6.7|) we obtain 
dg + 2dg + 2dg + dig + 2d^ A 

= <i + + 2vf* + v% + 2^3 



(6.8) 



(6.9) 



3 

+ \ o„.±A , o„.±A , „.±A , o„.±A 



(6.10) 
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Using tfEEkUES) and (|B1D|I . we have df% = vf%. If z = (2, 0, 1) T then using ()6.7|) we have 

<i + <3 = <i + pa- 
using fTED we have = ^3 • If z = (°> 2 > !) T then 



^2,2 + ^2,3 



V 2,2 + "^2,3 • 



□ 



Using (IHinj) we have cfg = ug. 

Using Lemma f6. 31 we derive necessary conditions for a convolution of two Gaussian mea- 
sures to be a Gaussian measure and prove that they are also sufficient. The above train of 
thoughts will be used in the proof of Proposition 16.11 and Theorem 16.21 

Remark 6.1 By Lemma [4.21 it can be easily checked that a Gaussian measure fi admits 
parameters (a, B) with bj^ = for 1 ^ j, k ^ 3 with (j, k) 7^ (3, 3) and a\ = a 2 = if 
and only if the support of fi is contained in the center of H. 

Now we can derive a special case of Theorem 16.21 which will be used in the proof of 
Theorem E3 



Proposition 6.1 If /i" is a Gaussian measure on HI with parameters (a",B") such that 
the support of fi" is contained in the center of H then for all Gaussian measures //' , the 
convolutions //*//" and //' * ^j! are Gaussian measures with parameters (a' + a" , B' + B") , 
and // * /i" = /i" * //. 

Proof. Let fi be a Gaussian measure with parameters (a' + a" , B' + B"). By the injectivity 
of the Fourier transform, in order to prove that // *//" = // is valid, it is sufficient to show 
that (//' * //") (Xa,p) = V'iXafi) for all a, (3 > and {jj! * ji") (tt±\) = fi('n±\) for all 
A > 0. Theorem 16 . II implies that (// * //') (Xa,p) — fiiXafi) is valid for all one-dimensional 
representations Xa,p, a, /? € R. Suppose that b[ x 7^ and b' xx b' 22 — (b' 12 ) 2 7^ 0. By 
Theorem 16.11 to prove (// * //') (7T±a) = ju(7T-tx) f° r & U A > it is sufficient to show that 



D ±x (a',B') + 













A 2 6 , 3 , 3 T2iAa / 3 / 



D ±x (a! + a",B' + B") 



for all A > 0. Since b" jk = for 1 *C j, jfe ^ 3 with (j, Jfe) ^ (3, 3), we have df£(a' + 
a", B 
that 



a", £' + B") = df£(a', B') for 1 < j, jfe ^ 3 with (j, jfe) 7^ (3, 3). So we have to check only 



dg(a', 5') + A 2 6 3 ' i3 =F 2*Aa' 3 ' = dg(a' + a", 5' + B") 
for all A > 0. Theorem 13.11 implies this. The case bt l x 7^ 0, b' x x b' 2 2 — {b' l 2 ) 2 = can be 
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proved similarly. Suppose that 6' x x = b'd = 0. Using again Theorem 13 .![ we have 



(x) = exp | ± i\al - y&3 )3 j«0) 



i V^A A^ 
ex P i ± ^-(^(24 + aia'a) + 2a' 2 x) - -g-(36 3i3 + Sa'^ + (a'^XJ 



A 3/2 



( 26 ;, 3 + a W ^ V }u(, + VA fl i) 



Theorem 13. II implies that [j2(7i±\)u\ (x) = (// * //') (7r±\)u (x) for all A > 0, u G L 2 ( 
and 16K. Hence the assertion. □ 

Now we give necessary and sufficient conditions under which the convolution of two 
Gaussian measures is a Gaussian measure. 

Theorem 6.2 Let y! and fi" be Gaussian measures on HI with parameters a' = 

K)i^^3, B' = (%)i<j,fc<3 and a" = (a")i<»<3, B" = (&" ijfc )i^,fe^ 3 , respectively. Then 
the convolution \J * fi" is a Gaussian measure on HI if and only if one of the following 
conditions holds: 

(CI) b' 1A > 0, 5' > 0, 5" -l > 0, 5" > 0, and there exists g > such that b" j k = gb' jk for 

1 ^ j, k ^ 3 with (j, k) 7^ (3, 3) and a" = ga' { for i = 1,2, 

(C2) fo^ > 0, 5' = ; b'l^ > 0, 5" = 0, and there exists g > such that b" j k = gb' jk for 
lkj,k^2, 

(C3) > 0, <5' > 0, b" jk = /or 1 ^ j, k ^ 3 wito (j, jfe) ^ (3, 3) and a'! = /or 
z = l,2, 

(C4) b' 1A >0, 5' = 0, b" j k = for l^j,k^3 with (j, k) ^ (3, 3), 

(C5) b'i^ > 0, 5" > 0, 6J jfc = /or 1 ^ j, A: ^ 3 (j,fc)^(3,3) and < = /or 

2 = 1,2, 

(C6) 0, 5" = 0, b' jjk = for l<j,H3 w'^i (j, fc) 7^ (3, 3), 

(C7) b' 1A = and b" l x = 0, 

where 5' := yV^o'^ - {b'^f and 5" := JbJ^[ 2 - {b'^f . In cases (CI), (C3), (C5) 
the parameters of the convolution jji! * fi" are (a' + a", B' + B"), but in the other cases it 
does not necessarily hold (compare with Lemma \6. fy) . 

Proof. First we show necessity, i.e., if // * fi" is a Gaussian measure then one of the 
conditions (CI) — (C7) holds. Let us denote the parameters of the convolution /j! * fi" by 
(a,B) and we write d j)k := df£(a,B), d' jk := df k (a',B') and d" k := df k (a",B") for 
1 ^ j, k ^ 3 as in Theorem 16.11 If b' 11 > and b" 1 > 0, we can easily prove that 

bl,2 _ ^1,2 _ ^1,2 &2,2 _ ^2,2 _ ^2,2 
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and d 2 2 + d" 1 Si as in Pap fOJ Theorem 7.3]. This implies that there exists g > such 
that b] M = gb' jk for 1 j, k ^ 2, i.e., (C2) holds. 

When b[ A > 0, 5' > and b'( A > 0, 5" > 0, we show that (CI) holds. To derive 
this it is sufficient to show that b'{ 3 = gb' 13 , b 23 = gb' 23 , a" = ga[ and a 2 = ga' 2 . Using 
Theorem 16. II we obtain 

(i) {d' 2>2 + tZyCRed^ - Red 1)3 ) = 4,2^4,3 + Red 2>3 ), 

(ii) (4 (2 + < a )(Re4 3 " R ^2, 3 ) = < l2 (Re<, 3 + Re4, 3 ) ; 
(hi) (4 >2 + d'l tl )(\m d' 1}3 - Im d 1>3 ) = cf 12 (lm < )3 + Im d' 2>3 ), 
(iv) (d 2 2 + d" 1 )(lm d 2 3 — Im d 2]3 ) = c/" 2 (lm d'[ 3 + Im d 2 3 ). 

Let us denote 6[ := b' lyl b' 2y3 - b' 1>2 b' 1>3: 6'( := b'^b'^ - &» 2 &i' >3 , 6' 2 := o! x b^ 2 - a' 2 b' 1>v 5' 2 ' := 
a'{b'{ 2 — a' 2 b'{ x . Summing up (iii) and (iv) we have 

(4,2 + 4,i)( lm 4,3 + lm 4,3 " lm 4a - Im d 2 , 3 ) = (4,2 + 4,2)0™ 4,3 + lm 4,s)- 
Using the definition of dj^, d'j k , d" k (1 ^ j, k ^ 3) we get 

A' //' A" 

^2 °1,3 . <>2 



(coth(Ay )+ coth(Ar))(^ + — 



coth(A5'/2) b'l A \b > { 1 5"coth(\8"/2) 
25 2 \ 



A6 1 , 1 5coth(A5/2) J 



sinh(A5') sinh(A5")y V & i,i A6 / 1 / 1 5"coth(A5 // /2) 6^ A6' 11 5 / coth(A5 / /2) 
An easy calculation shows that 

x s i n h(AA'/2) sinh(Acf /2) 

\ b i,i KJ 

= (y^{ a ^- a i) -^(4^-4))sinh(AA72)cosh(AA72) 

+ (^(a^-a,) -^(^ 

forall A > 0. We show that the functions A sinh(A5'/2) sinh(A5"/2), sinh(A5'/2) cosh(A5 /, /2) 
and cosh(A<5'/2) sinh(A5"/2) (A > 0) are linearly independent. We have 

A sinh(AA'/2) sinh(AA"/2) = \(e^' +s "^ 2 - e^ 5 "-^ 2 - e^'^ 2 + e -^' +5 "^ 2 ) /4, 
sinh(A572) cosh(A572) = ( e ^'+ 5 ")/ 2 + e MS>s")/2 _ e HS»s')/2 _ e -x(6> + 6»)/2} /4j 

cosh(AA72) sinh(A572) ={ e ^' +5 "^ 2 - e^'- 5 "^ 2 + e ^ 5 "-^ 2 - e -W+0/*) /4. 
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The linear independence of these functions follows from the following fact: if c±, . . . , c n are 
pairwise different complex numbers and Qi, ■ ■ ■ ,Q n are complex polynomials such that 
E"=i QjO)e CjA = for all A > then Q 1 = ■ ■ ■ = Q n = 0. Hence we get 

' ^T^ 1 ^ - ^ = ~ ^ = W^VQ - ^ (6 ' n) 

Subtracting the equation (i) from (ii) we get 

(4,2 + d i,i)( Red 'i,3 ~ Red 2.3 ~ Rerf i,3 + R e^2,3) = «, 2 - d'[ 2 )(Red'[ z + Red' 23 ). 
Using again the definition of dj^, d'j k , d" k (1 ^j,k^ 3) we obtain 

(eo t M«0 + co t h(AO)(^ + ^-^ 

V\5[ V\6'{ 



b[ x 5' coth(A5'/2) b'( ^ coth(A<5"/2) 



y/X6[ ^/XS'{ 

I 7/ r< ii /a c / //-»\ 



sinh(A5") sinh(A5')/ VVA6'/i V\V ll b 'i^' coth(A<J'/2) b'l j" coth(X8" /2] 
A simple calculation shows that 

5[ 8>{ 



A(l + tanh(A<5'/2) tanh(A5"/2)) 



S'b' 5"b" 



(coth(A5')+coth(An) 2^-^--^- 



ai Oi Oi \ / l 1 \ / CLi a 



Ki KiJ Vsinh(A5') sinh(A5 /, )y \V 1A b'{^ 

It can be easily checked that the functions A(l + tanh(A<5'/2) tanh(A<5"/2)) , coth(A5') + 
coth(A5") and (sinh(A5')) _1 — (sinh(A5")) _1 (A > 0) are linearly independent. Hence we 
have 

Taking into account ()6.11|) and ()6.12|h we conclude that (CI) holds. Using Lemma l6~2l it 
turns out that in this case a = a 1 + a" and B = B' + B". 



If 6^ 1 > 0, 5' > and b" 1 > 0, 5" = we show that // * /i" can not be a Gaussian 
measure. Our proof goes along the lines of the proof Theorem 7.3 in Pap Since the 

proof given in Pap [TU] contains a mistake we write down the details. Suppose that, on the 
contrary, // * /j," is a Gaussian measure on EI with parameters (a,B). By Lemma 16.21 
we have 61,1 = b' lt + hence 61,1 > 0. By Theorem 13.11 we have (// * //') (7r±>) is an 
integral operator. Using Theorem 16.11 we obtain 

K2) 2 

"2,2 ~r u l,l 

^ - < 2 - ^ ■ (6.14) 

u 2,2 ~r u l,l 
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b' b" 

We show that d! 2 2 + d" 1 6l and y^- = yfi. (The derivations of these two facts are not 
correct in the proof of Theorem 7.3 in Pap By Theorem 13. 1[ we have 

In, (4 >2 + d'l x ) = T ~ = -lm (d' 1A + 4', 2 ). 

Using that lm (d lt i + d 2j2 ) = 0, by (j6.13J) and ()6.14|) we get 



(4, 2 ) 2 + K, 2 ) 2 

a 2 o + ^ii 



± 



&'l,2 ^\ K 2 ) 2 + K, 2 )V^2 &?, 



Hence 
Then 

14,2 + 4,1 



l4, 2 + 4,il 2 



14,2 + 4, 



7)' fc" 

"1,1 °1,1 



K 2 ) 2 -« 2 ) 2 )(^-|)=o- 



// 1 2 



- « 2 ) 2 - « 2 ) 2 



<5'coth(A<5') Tib' 12 A -1 ± ib'[ 2 



h" 

°1,1 



A2 



(^^sinh^Atf') 



(<5') 2 25'coth(A5') /6i >2 6? i2 



+ 



+ 



// if' >a 

°i,i 



It yields that ^ = 

°i,i °i,i 

form 



(&'i,i) 2 ' Afti^ 
Particularly, d 2 2 + cf/ x e R. Rewrite flH7TTT|) and dSHH in the 



(4,i-^i,i)(4, 2 + 4,i) = (4 



7 x2 
2 J ) 



(4 2 -rf 2i2 )(4 i2 + < il ) = K i2 ) 2 . 



It follows that 



(4,i - 4,2 - di t i + 4,2) (4,2 + 4,i) = (4,2) 2 - (4,2) 2 - 

Using that d' 2 2 + 4 1 ^ ^ an d ^ e (4i — ^2,2) = 0, taking real parts we get 



(Re(4,i)-Re(4,2))(4,2 + 4,i) = (4 



/ \2 



(4, 2 ) 2 



Thus 



5' coth(A<5') 



1 



6'i,i A6f fl 
From this we conclude 

(5 , ) 2 coth 2 (A5 / ) 1 



5' coth(A5') ^ 1 



(*0 



l\2 



\W X Y (6') 2 sinh 2 (A<5') XWtf 



{b' xl fsmk\X5') A 2 ^) 2 



cosh(A<5') = 1, 
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thus 5' = 0, which leads to a contradiction. 

If b' ll > 0, 5' > 0, and b'{ x = we show that (C3) holds. The symmetry and 
positive semi-definiteness of the matrix B" imply b'( 2 = b'[ 3 = 0. Lemma 16.21 yields 
that bi : i — b[ 1 + b'l x > 0. Hence Theorem 13. II implies that (// * //') (7T±a) is an integral 
operator and Im (di i + d 2 ^ 2 ) = holds. By Theorem 13.11 and Theorem 16.11 we obtain 
l m (^1,1 + ^2,2) = ' m {d'i 1 + d 22 + Xb 22 ) = Im (Xb 22 ). Thus 632 = 0' which implies that 
633 = and 5 = 5' > 0. Using again Theorem 16.11 we get 

d 1>3 = d' 13 - VXa'(d' 12 (6.15) 

^2,3 = d 2 3 — y/\a"d' 2 2 =F iV\a 2 . (6.16) 

Taking the real part of the difference of equations (J6.15J) and (16.16(1 we have 

ai a 'i ^ \x' a " ( 1 + cosh(A^) ^ 

Since (16.17(1 is valid for all A > 0, we have a" = 0. Taking the imaginary part of (|6.16j) 
and using the fact that a" = we get 

//ft 1 A & 1,3 & 'l,3 



Q X ~ \6>coM\5'/2)) = ~ C = °" (6 ' 18) 

Since (l6~THj) is valid for all A > 0, we get a 2 ' = 0, so (C3) holds. If b[ A > 0, 5' = and 
b" 1 = a similar argument shows that (C4) holds. 

The aim of the following discussion is to show the converse. Suppose that (CI) holds. 
We prove that the convolution // * fj," is a Gaussian measure on EI with parameters 
(a'+a", B'+B"). By Theorem l6.1( the Fourier transform (// * //') {x<x,p) equals the Fourier 
transform of a Gaussian measure with parameters (a' + a" , 5' + B") at the representation 
Xa,/? for all a, (3 > 0. Since > 0, the Fourier transform (//*//') (7t±a) is 

an integral operator on L 2 (JR) with kernel function K±\ given in Theorem 16.11 for all 
A > 0. All we have to show is that C = C± X {B' + B") and V = D± x (a' + a", B' + B") = 
{df k {a' + a", B> + B")) 1<jik<3 . We have 

^sinh(A(l + gK) 
2 ' 2 1 ' 1 b[ A smh(Xd') sinh(A^') ' 

hence using Theorem 16.11 we obtain 



° ~ y 27r6' lil sinh(A(l + ^)5') " C±A(5 ' + 

Let (/ijt^o be a Gaussian semigroup such that /ii is a Gaussian measure with parameters 
(a',B f ). By the help of the semigroup property we have fii * fi e = fJ>i+ e - Taking into 
account that a' 3 and b' 33 appear only in df 3 (a',B') (see Theorem 13.1(1 and the fact 
that fi t is a Gaussian measure with parameters (ta',tB r ) for all t ^ 0, Theorem 13. II and 
Theorem 16. II give us 

Vj,k = df£(a' + a",B' + B"). 
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for l^j,k^3 with (j, k) ^ (3, 3). So we have to check only that v 3,3 = df^(a' + a", B' + 
B") . By the help of Theorem 16.11 we get 

^3,3 = 4,3 + 4,3 " -p 1 (4,2 + 4,l) 2 - (6-19) 

a 2,2 ~r 

Calculating the real and imaginary part of (|6.19|) one can easily check that f 3)3 = df^(a' + 
a",B' + B") is valid. 

Now suppose that (C2) holds. Using the parameters of // and fi" , define a vector a = 
( a i)i^«<3 and a matrix B = (64^)1^1,^3, as m Lemma f6 .21 We show that the convolution 
//:=//* fi" is a Gaussian measure on EI with parameters (a,B). An easy calculation 
shows that the Fourier transforms of pi * pi' and /1 at the one-dimensional representations 
coincide. Concerning the Fourier transforms at the Schrodinger representations, as in case 
of (CI), all we have to prove is that 



C±x(B) = C± x (B')C±x(B") 



2tt 



4,2 + 4',i 

and V = D±\(a' + a", B' + B"). Using Theorem 13.11 we have 
1 1 



2tt 1 



since &i 2/^11 = ^12/^11 = Using similar arguments one can also easily check that 
V = D±\(a! + a", B' + 5") holds. We note that in this case the parameters of // * //' is 
not the sum of the parameters of // and /i''- 

Suppose that (C3) holds. Proposition 16.11 gives us that the convolution // * /i" is a 
Gaussian measure on HI with parameters (a' + a" , B' + B"). Incases (C4), (C5), (C6), 
(C7) we can argue as in cases (C2), (C3). Consequently, the proof is complete. □ 

For the proof of Theorem 11.11 we need the following lemma about the support of a 
Gaussian measure on HI. 

Lemma 6.4 Let fi be a Gaussian measure on HI with parameters (a, B) such that 
61,162,2 _ b\ 2 = 0. Let Y e H be defined as in Section® If rank(£>) = 2 then 
supp (/i) = exp (Y Q + R ■ U + R ■ X 3 ) , where 



U :-- 



61,1X1 + 62,1X2 if 61,1 > 0, 

6 2 2X2 if 6n = and 6 2 2 > . 



If rank (B) = 1 then supp 0) = exp (Y + R ■ U + R ■ [Y , U]) , where 

61,1X1 + 62,1X2 + 63,1X3 if 61,1 > 0, 
U '■= { 62,2X2 + 63,2X3 if 61,1 = and 6 2 , 2 > 0, 

63,3X3 if 61,1 = 6 2 ,2 = and 6 3 , 3 > 0. 

If rank(£?) = then supp (/i) = exp(F ). 
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Proof. We apply (iii) — (v) of Lemma 14.21 respectively. If rank(i?) = 2 then one can 
check that C(Yx,Y 2 ) = C(U,X 3 ). If rank (B) = 1 then C{Y X ) = C{U). □ 

Proof of Theorem 11.11 First we prove that if one of the conditions (CI) and (C2) 
holds then one of the conditions (CI) — (C7) in Theorem 16.21 is valid, which implies that 
the convolution jjl * jj," is a Gaussian measure on EL 

Suppose that (CI) holds. Lemma l4~2l implies 5' = 5" = 0. 

If b' 1A = V( A = then (C7) holds. 

If b' x l > 0, 5' = and b"^ = 0, 5" = we show that (C4) holds. It is sufficient to show 
that &2,2 = 0- Suppose that, on the contrary, b 22 ^0. When rank (B') = rank (B") = 2, 
by the help of Lemma I6.4[ we get 

supp (//) = exp (Y£ + R • U' + R • X 3 ) , supp (//") = exp (F " + R • U" + R • X 3 ) , 

where U' = b[ t X x + b' 2 X X 2 and U" = b 22 X 2 . Since in this case supp (//) and supp (/i") 
are contained in "Euclidean cosets" of the same 2-dimensional Abelian subgroup of H, we 
obtain that C(U',X 3 ) = C(U",X 3 ). From this we conclude b' 11 = 0, which leads to 
a contradiction. When rank(-B') = 1, rank(i?") = 2 and in other cases one can argue 
similarly, so (C4) holds. 

If b[ ! = 0, 5' = and b'{ 1 > 0, 5" = the same argument shows that (C6) holds. 

If 6i fl > 0, 5' = and b'{ >x > 0, 5" = we show that (C2) holds. When 
rank(£>') = rank (5") = 2, Lemma IB~4l implies that 

supp (/i') = exp (yj + R • U' + R ■ X 3 ) , supp (/) = exp (y " + R ■ U" + R • X 3 ) , 

where U' = b' hl X x + b' 21 X 2 and [/" = b'^Xx + 6^X3. Condition (CI) yields that 
C(U',X 3 ) = C(U",X 3 ), ' hence we have b'^b'^ = b' 2 X b'l x . Since 5' = 5" = we get 
&2,2 6 i,i = 6 2 A- Thus (C2) holds with g := 6^/6^. When rank (5') = rank (B") = 1, 
Lemma IH31 implies that 

supp (//) = exp (y ' + R ■ £7' + R ■ [Fj, [/']), supp (//) = exp (y " + R ■ U" + R ■ [Y<?, U")) , 

where U' = b'^Xx + b' 21 X 2 + b' 31 X 3 and £/" = b'^Xx + fc^Xj + 6^X3. Condition (CI) 
yields C(U', [y ', U'}) = C(U", [Y£, U"]), hence C(b' 1A Xx + V 2tX X 2 ) = C^Xx + b'^X,). 
It can be easily checked that (C2) holds with g := b'{x/b'xx- When rank(£>') = 1, 
rank(fi // )=2 or rank( J B') = 2, rank(£") = l we also have (C2) holds. 

Suppose that (C2) holds (i.e., // = /x t /, //' = * v or A*' — A 4 *' * ^5 A*" — tH" 
with appropriate nonnegative real numbers t', t" and a Gaussian measure z/ with support 
contained in the center of Ef). Then we have 

/i' * /j, = fit' * l^t" * is = l^t'+t" * v or A*' * A 4 " = fit' * v * AV' = lh'+t" * 1J - 
Remark 16.11 and Proposition 16.11 yield that // * /x" is a Gaussian measure on HI. 

Conversely, suppose that // * is a Gaussian measure on EL Then by Theorem 16. 2| 
one of the conditions (CI) — (C7) holds. We show that then one of the conditions (CI) 
and (C2) is valid. 
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Suppose that (CI) holds. If b 33 — Qb' 33 ^0 then let (a' t ) t ^o be a Gaussian semigroup 
such that a[ = fi' and let v be a Gaussian measure on HI with parameters (a v , B u ) such 
that 



















B v := 











a v := 













& 3,3 - ^3,3 




03 _ Q a 3 



Remark IFTTI and Proposition Ki.ll implv that //' = a'*v, hence (C2) holds. If 633 — gb' 33 < 
then let (a") t ^o be a Gaussian semigroup such that a" = /x" and let v be a Gaussian 
measure on H with parameters (a u , B u ) such that 



















B u : = 
























h' — n~ l b" 

°3,3 tr °3,3 




a' 3 - e^a'z 



Remark 16. II and Proposition 16. II imply that fjf = a"/ Q *u, hence (C2) holds. 
Suppose that (C2) holds. Lemma implies that 

supp (//) C exp (FJ + K ■ U' + R ■ X 3 ) , supp (jj,") C exp (F " + R • £7" + R • X 3 ) , 

where C/' = V ltX Xx + 6^X2 and U" = V^Xx + ^i^. Condition (C2) gives us that 
C{U') = C(U'% hence (CI) holds. 

Suppose that (C3) holds. Let (a' t ) t ^o be a Gaussian semigroup such that a[ = //' 
and let v be a Gaussian measure with parameters (a„, 5^) such that 






























a u : = 













h" 

°3,3 







Then we have jj," — v — a' * u, so (C2) holds. 

Suppose that (C4) holds. By the help of Lemma f6 .41 we have 

supp (//) C exp (YJ + R • U' + R • X 3 ) , supp (p") C exp (Fj 7 + R • U") , 

where U' = b^Xi + b' 21 X 2 and U" = b 33 X 3 . Hence the support of //' is contained in 
exp (y ' + R • U' + R • X 3 j and the support of // is contained in exp (y o " + R • t/' + R • X 3 ) , 
so (CI) holds. Similar arguments show that when (C5) holds then (C2) is valid, and 
when (C6) holds then (CI) is valid. 

Suppose that (C7) holds. Using Lemma we have 

supp (a*') C exp (y ' + R • U' + R • X 3 ) , supp (/) C exp (y o " + R-U" + R-X 3 ), 

where U' = b' 22 X 2 and 17" = 6 2 ' 2 X 2 , so (CI) holds. □ 

Remark 6.2 In case of (CI) in Theorem ll.il // and //' are Gaussian measures also in 
the "Euclidean sense" (i.e., considering them as measures on R 3 ), but the parameters of the 
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convolution //* //' are not necessarily the sum of the parameters of \il and . In case of 
(C2) in Theorem II .![ jj! and fi" are not necessarily Gaussian measures in the "Euclidean 
sense" , but the parameters of the convolution /jf * ji" is the sum of the parameters of // 
and //'. 

Remark 6.3 We formulate Theorem II. II in the important special case of centered Gaussian 
measures for which the corresponding Gaussian semigroups are stable in the sense of Hazod. 
First we recall that a probability measure /i on HI is called centered if 



/ x\ fi(dx) =1x2 fi(dx) = 0. 
Ju Jm 



A convolution semigroup (fit)f^o on H is called centered if \i t is centered for all t ^ 0. 
For each t ^ let d t denote the dilation 

dt{x) = (txx, tx2, t X3), i6i, t ^ 0. 

By Hazod [HJ page 229], a Gaussian semigroup (nt)t^o is centered and stable in the sense 
that fit = d^qfii, t^O (Hazod stability) if and only if its infinitesimal generator has the 
form 

2 2 

asXs + ^^btjXiXi. (6.20) 

i=i j=i 

Wehn [T7] proved the following central limit theorem. Let | . | be a fixed homogeneous norm 
on EI and let us consider a centered probability measure /1 on H. If L \x\ 2 /i(dx) < +00, 
then (di/^/n(^* n )) n>1 converges towards v weakly, where v is a Gaussian measure on HI 
such that the corresponding Gaussian semigroup has infinitesimal generator ()6.2()j) . 

For centered and stable Gaussian measures Theorem 11.11 has the following form. 

Let // and /i" be Gaussian measures on HI such that the corresponding Gaussian 
semigroups have inhnitesimal generators 

^22 ^22 

a 3 Xs+ 2^^ b '^ XlXj and a ' 3 ' X3+ 2^^ h '^ XiXv respectively. 
i=i j=i i=i j=i 

Then the convolution u.' * u" is a Gaussian measure on HI if and only if there exist 
t',t" ^ 0, a Gaussian semigroup (ftt)t^o with infinitesimal generator ()6.20|) and an element 
x G HI which is contained in the center of HI such that either // = /i t /, //' = fi t " * s x or 
jj! = fif * e x , fi" = fit" holds. Moreover, in this case a 3 = a' 3 + a'3 and bij = b\ j + b"j, 
1 2. 

The proof of this statement can be carried out in a direct way applying Theorem 7.3 in 
Pap ^Hl j and Lemma 16.21 and Proposition 16.11 of the present paper. 
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